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Abstract
Higher spin field theory on AdS(4) is defined by lifting the minimal conformal sigma model in three-dimensional flat space.
This allows to calculate the masses from the anomalous dimensions of the currents in the sigma model. The Goldstone boson
field can be identified.
 2004 Elsevier B.V. Open access under CC BY license. 1. Introduction
Field theory on anti-de Sitter spaces (“AdS”) has
already quite a long history. Fronsdal discovered [1]
that anti-de Sitter spaces admit Lagrangian field the-
ories for gauge fields that are symmetric tensors with
vanishing double trace and a rank (“spin”) l larger than
one. Fradkin and Vasiliev [2,3] developed a formalism
for the interactions of such gauge fields. But AdS/CFT
correspondence [4–6] based on string theory concepts
changed the subject considerably. Two conformal field
theories (“CFTs”), namely super-Yang–Mills theory
with gauge group SU(N) in d = 4 dimensions and
the O(N) conformal sigma model in d = 3 dimen-
sions [7] were proposed to be dual (to “correspond”)
to such higher spin gauge field theories on AdS(5) (re-
spectively AdS(4)). Both CFTs are perturbative and
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Open access under CC BY license.possess currents J (l) for all l ∈ 2N. These currents
are conserved at leading perturbative order (vanish-
ing coupling constant or N equal infinity). For higher
orders they are no longer conserved except for l = 2
which is the energy–momentum tensor current.
In CFT conservation of a current is equivalent with
its conformal representation being “exceptional”, the
conformal dimension is then  = d + l − 2. Non-
conservation implies the appearance of an anomalous
dimension η(l). The gauge fields h(l) of the higher
spin field theories HS(5), respectively, HS(4), assume
masses m2l algebraically related with η(l). Therefore
it is possible to determine these masses if AdS/CFT
correspondence is valid. The anomalous masses η(l)
themselves for the O(N) sigma model have been cal-
culated perturbatively in [8] to the order 1/N . The
ideas of this derivation and some intermediate results
are repeated here, for the technical details we must re-
fer the reader to the original work. 
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an AdS field theory from a CFT on flat space which we
denote “lifting”. In particular we construct the gauge
fields h(l) and the scalar field σ of the higher spin
gauge field theory HS(4) from the O(N) sigma model.
The calculation of the masses is then independent on
any assumption of the validity of AdS/CFT correspon-
dence for this pair of theories.
For symmetric traceless tensor fields of rank l the
relation between the conformal dimension  and the
AdS mass is [10]
(1)m2l = ( − d) − (l − 2)(d + l − 2).
Obviously for conserved currents J (l)(x) with exact
dimension
(2)(l) = d + l − 2,
we obtain a vanishing mass for the gauge fields h(l) on
AdS space.
Lifting of the flat conformal field theory is done
with the bulk-to-boundary propagator (say, in the
scalar case, see [11] for the general case)
K(z, x) =
(
z0
z20 + (z − x)2
)
(3)(z ∈ AdS(4), x ∈ R3),
which satisfies the free field equation
(4)(Dz − m2)K(z, x) = 0
with m2 as in (1) and Dz a covariant second order dif-
ferential operator. It is this equation which transforms
dimension into mass according to (1).
If the symmetric traceless tensor current J (l)(x) as-
sumes an anomalous dimension η(l) (which it does for
l  4)
(5)(l) = d + l − 2 + η(l),
which can be 1/N expanded as
(6)η(l) =
∞∑
r=1
ηr(l)
Nr
,
we obtain masses for h(l) from (1) and (5)
(7)m2l = η(l)
[
d + 2(l − 2)]+ η(l)2.
Porrati [12] has shown that a Higgs phenomenon
is possible for a graviton to assume a mass. A mass-
less symmetric tensor representation of the conformalgroup [, l] with
(8) = d − 2 + l|d=3 = l + 1,
which is massless, appears from an irreducible mas-
sive representation in the limit
(9)lim
→l+1[, l] = [l + 1, l] ⊕ [l + 2, l − 1].
The second representation [l + 2, l − 1] is identified
with the Goldstone field. Girardello et al. [13] propose
to create the Goldstone field from tensoring the con-
served current [l −1, l −2] corresponding to J (l−2) or
h(l−2) with the scalar field α(x) on R3, respectively,
σ(z) on AdS(4) of dimension two (all in the free field
limit)
[l − 1, l − 2] ⊗ [2,0]
(10)=
∞⊕
s=0
∞⊕
n=0
[l + s + n + 1, l + s − 2],
which contains the Goldstone field representation for
s = 1, n = 0. In the sigma model the operator prod-
uct of the current J (l) with the scalar field α con-
tains by expansion the currents J (l,t) with dimension
d − 2 + l + 2t , t ∈ N (in the free field limit). Thus the
Goldstone field of J (l) is J (l−1,1). A Higgs mechanism
for producing the masses of the gauge fields is possible
therefore except for the graviton since in (10) l = 2 is
excluded (the representation [1,0] does not occur but
is eliminated in favour of the dual representation [2,0]
by the boundary condition of AdS(4)).
The gauge fields contain a traceless symmetric part
h(l) and companion fields that are dynamically irrel-
evant. In HS(4) there exists a bilocal biscalar field
B(z1, z2) [9] which by operator product expansion de-
composes into all h(l), l ∈ 2N, and the scalar field σ(z)
at leading order in N , and further operators at order
1/N and higher. The starting point for a calculation of
the masses m2l is therefore the AdS four-point function
(11)〈B(z1, z3)B(z2, z4)〉AdS.
2. The perturbative corrections to the bilocal
fields
Instead of the AdS Green function (11) we study
the flat CFT Green function
(12)〈b(x1, x3)b(x2, x4)〉CFT,
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where b is defined from the Lorentz scalar O(N) vec-
tor fields ϕ(x) by the normal product [9]
(13)b(x1, x3) = N−1/2 ϕ(x1) ϕ(x3).
This O(N) vector field is normalized to
(14)
〈ϕi(x1)ϕj (x2)〉 = δij
(x2ij )−δ, i, j ∈ 1,2, . . . ,N,
where δ is the conformal dimension of ϕ (we set d = 3
at the end)
(15)δ = µ − 1 + η(ϕ), µ = d
2
,
(16)η(ϕ) =
∞∑
r=1
ηr(ϕ)
Nr
.
The first three terms in (16) are known [14].
Due to the contraction of O(N) vector indices the
O(1) contribution to the Green function is from the
graphs A1, A3 (see Fig. 1) with the result
(17)(x212x234)−δ + (x214x223)−δ,
and from the exchange graph B2 (see Fig. 2) of the
scalar field α with dimension β
(18)β = 2 − 2η(ϕ)− 2κ.
Here κ , the “conformal dimension of the coupling con-
stant”, is of order O(1/N) and can be expanded in
powers of 1/N (see Vasilev et al. [14] and the expres-
sion for κ1 given in (51)). At leading order B2 yields
(19)(x212x234)−δ{C1uµ−2δFα(u, v) + C2Fϕ2(u, v)},
where the first (second) term describes the exchange of
α ( ϕ2), respectively, which are dual to each other in a
representation theoretic sense. Expressions in (19) are
Fα(u, v)
(20)=
∞∑
n,m=0
un(1 − v)m
n!m!
(n!)2((n + m)!)2
(2n + m + 1)!(3 − µ)n ,Fig. 2. The graph B2 and its complete radiatively corrected form
Bcom2 .
Fϕ2(u, v)
(21)=
∞∑
n,m=0
un(1 − v)m
n!m!
((µ − 1)n(µ − 1)n+m)2
(2µ − 2)2n+m(µ − 1)n ,
(22)u = x
2
13x224
x212x234
,
(23)v = x
2
14x223
x212x234
.
The constants C1,2 involve the coupling constant z
squared between α and ϕ to leading order z1
(24)z =
∞∑
r=1
zr
Nr
,
(25)z1 = 2π−2µ (µ − 2)
(2µ − 2)

(µ)
(1 − µ) ,
and are explicitly given as
(26)C1 = 
(2µ − 1)

(µ)2
(1 − µ)
(µ − 1)(µ − 2) ,
(27)C2 = −2.
In CFT in flat space conformal invariance deter-
mines three-point functions up to a few normalizing
constants. The same must be true then for complete
exchange graphs. For the radiatively corrected (see
Fig. 2) (at the vertices) graph Bcom2 of B2 we obtain
instead of (19), (21)
(28)Ccom2
(x212x234)−δF comϕ2 (u, v)
with
(29)Ccom2 = −2 + O(1/N),
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(30)
F comϕ2 = uκ
∞∑
n,m=0
un(1 − v)m
n!m!
× (()n()n+m)
2
(2)2n+m(2 − µ + 1)n ,
(31) = δ + κ,
where δ and κ are taken from (15) and (18). The part
O(1/N) in Ccom2 can stay undetermined (see below).
In the subsequent section we shall decompose the
O(1) contribution to the Green function (12) into “con-
formal partial waves”, amplitudes for the exchange of
irreducible conformal fields. The O(1/N) contribution
to this Green function contains three different types of
terms:
(1) power series in u and 1 − v containing the same
conformal partial waves as the order O(1). These
imply a renormalization of the coupling constants
in the exchange amplitudes.
(2) Power series in u and 1 − v multiplied with logu.
Consistency requires that conformal partial wave
expansion of the power series yields the same ex-
change fields as the O(1) expansion. From the
normalization we extract the combination
(32)1
2
(
η(C) − η(A)− η(B)),
where the field C is exchanged and the fields A,
B , C form a vertex of the exchange graph.
(3) Power series in u and 1 − v containing new con-
formal partial waves.
In the case of the Green function (12) the order
O(1) gives the exchanged fields J (l), l  2 even,
and α. At O(1/N) there appear as new fields J (l,1),
which contain the Goldstone fields. Since we are in-
terested here only in the anomalous dimensions of J (l)
it suffices to extract the logu power series. These ap-
pear from the difference Bcom2 − B2 by expansion of
the factor uκ and from four new graphs B1, B3, C21,Fig. 4. The box graphs.
C22, where the first two B1,3 are obtained by cross-
ing B2, C21 is a box graph, and the last one, C22, is
obtained by crossing C21 (see Figs. 3 and 4).
The exchange graphs B1 +B3 are easily calculated
and give ([15], Eq. (3.17), only the logu terms)
N−1
µ
µ − 2η1(ϕ)
(x212x234)−δ[− logu]
∞∑
n,m=0
un(1 − v)m
n!m!
×
{
(µ − 1)n(µ − 1)n+m(n + m)!
(µ)2n+m
(33)+ ((µ − 1)n+m)
2n!
(µ)2n+m
}
.
From the box graph C21 we get ([8], only the logu
terms)
N−1 µ
µ − 2η1(ϕ)2(2µ− 3)
(x212x234)−δ[− logu]
×
∞∑
n,m=0
un(1 − v)m
m!
[(µ − 1)n+m]2
(µ)2n+m
(34)×
n∑
p=0
(µ − 2)p(µ − 1)n+m+p
p!(2µ − 3)n+m+p .
To obtain the box graph C22 one can apply crossing
explicitly by exchanging x2 with x4 or
(35)u → u
v
, v → 1
v
,
(x212x234)−δun(1 − v)m[− logu]
→ (x212x234)−δun(1 − v)m[− logu + logv]
(36)×
{
(−1)m
∞∑
s=0
(n + m + δ)s
s! (1 − v)
s
}
.
Inserting this into (34) we obtain the crossed graph
contribution.
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The Green function (12) can be submitted to a con-
formal partial wave decomposition by expressing it as
a sum over exchange graphs (only the direct term) of
α and J (l) at O(1), composites of two α and J (l,1)
at O(1/N) and so on [16]. For example, we consider
exchange graphs of J (l,t) with conformal dimension
(l, t)
(37)
(x212x234)−δut+ 12 (η(l,t )−2η(ϕ))
∞∑
n,m=0
un(1 − v)m
n!m! α
(l,t)
n,m .
Here we use an adhoc normalization
(38)α(l,t)0,l = 1.
If the external legs of the four-point function are all
equal, the coefficients α(l,t)n,m are independent of the
external fields (their dimension). Assume their dimen-
sion is δ. For the currents J (l) these coefficients are
particularly simple (since they belong to exceptional
representations)
α(l)n,m =
n∑
s=0
(−1)s
(
n
s
)(
m + n + s
l
)
(39)× (δ + l)m−l+n(δ + l)m−l+n+s
(2δ + 2l)m−l+n+s .
These matrices for n = 0 are easily inverted
(40)
(l)∑
m=0
βl,mα
(l′)
0,m = δl,l′
with
(41)βl,m = (−1)l−m
(
l
m
)
((δ + m)l−m)2
(2δ + m + l − 1)l−m .
This inversion formula was given in [16], (4.11),
(4.12) in a more general version with two free para-
meters instead of only one (δ).
At order O(1) we have the graphs A1 + A3 + B2.
We skip the Fα term and get for the remainder
(x212x234)−δ[1 + v−δ + C2Fϕ2]
(42)= (x212x234)−δ
∞∑
m,n=0
un(1 − v)m
n!m! an,m,where
(43)an,m = δn,0
(
δm,0 + (δ)m
)− 2 (δ)n((δ)n+m)2
(2δ)2n+m
.
We recognize immediately that
(44)a0,0 = a0,1 = 0,
which implies that a current J (l=0) which would be
identical with ϕ2 is not exchanged. The ansatz
(45)an,m =
∞∑
l=2,even
γ 2l α
(l)
n,m
is easily solved first by setting n = 0 using the inver-
sion formula (40) and then showing that the solution
remains true for all n. The result is
(46)γ 2l =
{ 2((δ)l)2
(2δ−1+l)l for l  2, even,
0 for all other l.
At order O(1/N) we obtain the relevant logu terms
from
(47)B1 + B3 + C21 + C22 +
{
Ccom2 F
com
ϕ2 − C2Fϕ2
}
.
They sum up to
N−1
(x212x234)−δ
(48)×
∞∑
n,m=0
un(1 − v)m
n!m! [−bn,m logu + cn,m],
where cn,m is not known explicitly due to some
nonevaluated integrals. But the b0,m (it suffices to give
these only for n = 0) are
b0,m = µ(µ − 1)
(µ − 2)[µ− 1 + m]η1(ϕ)
×
{
m! + (µ − 1)m + 2(2µ− 3)
[
((µ − 1)m)2
(2µ− 3)m
+ m!
m∑
p=0
(µ − 1)p(µ − 2)p
p!(2µ − 3)p
]
(49)− 2(4µ− 5) (µ)m(µ − 1)m
(2µ− 2)m
}
.
Here we inserted κ1, the coefficient of 1/N in the
1/N -expansion of κ , in the last term. But requiring
consistence we must have as a consequence of (44)
(50)b0,0 = b0,1 = 0,
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(51)κ1 = µ
µ − 2η1(ϕ)(4µ− 5).
So by the way we derived κ1 here. We recognize that
the limit d → 3 is rather delicate in (49) and that the
point d = 3 can only be reached by analytic continua-
tion in d .
We solve next
(52)bn,m =
∑
l2,even
[
η1(ϕ) − 12η1(l)
]
γ 2l α
(l)
n,m,
only for n = 0, and find after some algebra with the
inverting matrix β (40), (41)
(53)η1(2) = 0,
η1(l) = η1(ϕ)2(µ− 1)(2µ+ l − 1)
(2µ− 1)(µ+ l − 2)2
{
2(l − 1)
+
1
2 l−2∑
p=1
(
(p + 1)!)2
(
l
p + 1
)
(54)× (2µ + 1 + p)l−4−2p
(2µ + 1)l−4
}
, l  4.
Consistency requires that (52) is also solved for n 
= 0
by (53), (54). As mentioned in the introduction J (2) is
the energy–momentum tensor which should not have
an anomalous dimension.
Now we set the dimension d = 3. From
(55)η1(ϕ) = 2 sinπµ
π

(2µ − 2)

(µ + 1)
(µ − 2) ,
(56)η1(ϕ)|d=3 = 43π2 ,
we obtain
(57)η1(l) = 16(l − 2)3π2(2l − 1) .
Unitarity requires this anomalous dimension to be pos-
itive which it is indeed. Inserted into (7) we obtain the
final mass formula
(58)m(l)2 = 16
3Nπ2
(l − 2)+ O(1/N2).4. Conclusion
The result (58) for the mass squared of the gauge
bosons at leading order of 1/N is surprisingly simple
due to cancellations between the five graphs primar-
ily. Contrary to the case of the four-point function of
the scalar field α, the four-point function (12) does
apparently not reduce to an elementary function at
d = 3 (see (34)). The linear dependence of the mass
squared on the spin l of the boson is of Regge trajec-
tory type and suggests the existence of a string theory
from which the higher spin field theory on AdS(4) can
be derived.
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